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The study of nonlinear problems is of crucial importance in the
areas of Applied Mathematics, Physics and Engineering, as
well as in other disciplines. Generally, the nonlinear problems
are solved by converting them into linear equations imposing
some conditions; but such linearization is not always possible.
In this situation several methods are used to ﬁnd approximate
solutions to nonlinear problems, such as perturbation [1–4],
harmonic balance (HB) [5–11], homotopy [12–15], iterationnt of Mathematics, Rajshahi
y, Rajshahi 6204, Bangladesh.
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g by Elsevier
ical Society. Production and hostin[16–26], etc. Among them the most widely used method is
the perturbation method where the nonlinear term is small.
Another technique (HB) is developed by Mickens [5,16,20]
and farther work has been done by Lim [6,18], Hu [19,21–
24], Wu [6,18] and so forth for handling the strong nonlinear
problems. Recently, some authors [16–26] have used an itera-
tion procedure which is valid for small as well as large ampli-
tude of oscillation, to obtain the approximate frequency and
the corresponding periodic solution of such nonlinear prob-
lems. Some authors [22,23,25,26] used modiﬁed version of this
method to improve the results; but such modiﬁcations are not
possible for the oscillators considered in this article. Fortu-
nately the classical iteration procedure sometimes improves
the results when the functions are not differentiable.
The main purpose of this article is to improve the solution
in Ref. [13,14,26]. We have utilized the complete Fourier series
(sometimes approximately) to expand the nonlinear terms in
‘Cosine series’. In certain cases the coefﬁcients of Fourier series
have been changed slightly to make it a standard form (ofg by Elsevier B.V. Open access under CC BY-NC-ND license.
Modiﬁed solutions of some oscillators by iteration procedure 143summation). Approximations from the ﬁrst to the fourth (in a
particular case the third approximation) have been presented
and compared to the existing solutions.
2. The method
Let us consider a nonlinear oscillator modeled by
€xþ fð€x; xÞ ¼ 0; xð0Þ ¼ A; _xð0Þ ¼ 0; ð1Þ
where over dots denote differentiation with respect to time, t.
We choose the frequency X of this system. Then adding X2x to
both sides of Eq. (1), we obtain
€xþ X2x ¼ X2x fðx; €xÞ  Gðx; €xÞ: ð2Þ
Following [24], we formulate the iteration scheme as
€xkþ1 þ X2kxkþ1 ¼ Gðxk; €xkÞ; k ¼ 0; 1; 2; . . . ; ð3Þ
together with
x0ðtÞ ¼ A cosðX0tÞ: ð4Þ
Herein xk+1 satisﬁes the conditions
xkþ1ð0Þ ¼ A; _xkþ1ð0Þ ¼ 0: ð5Þ
At each stage of the iteration, Xk is determined by the require-
ment that secular terms (see [1] for details) should not occur in
the solution. This procedure gives the sequence of solutions:
x0(t), x1(t), . . . . The method can be proceed to any order of
approximation; but due to growing algebraic complexity the
solution is conﬁned to a lower order usually the second [17].
3. Example
3.1. Anti-symmetric, piecewise constant force oscillator
Let us consider the anti-symmetric, piecewise constant force
oscillator [26]
€x ¼ sgnðxÞ; ð6Þ
where
sgnðxÞ ¼ 1; x > 0;1; x < 0:

ð7Þ
First we choose the case x> 0, therefore, Eq. (6) becomes
€xþ 1 ¼ 0: ð8Þ
Obviously, Eq. (8) can be written as
€xþ X2x ¼ X2x 1: ð9Þ
Now the iteration scheme is (according to Eq. (3))
€xkþ1 þ X2kxkþ1 ¼ X2kxk  1: ð10Þ
Eq. (4) is rewritten as
x0ðtÞ ¼ A cos h; ð11Þ
where h= Xt. For k= 0, the Eq. (10) becomes
€x1 þ X20x1 ¼ X20A cos h 1: ð12Þ
Expanding 1 in a Cosine series in interval [0,p] and substituting
in Eq. (12), we obtain
€x1 þ X20x1 ¼ X20A cos h
4
p
X1
n¼1
ð1Þn1 cosð2n 1Þh
2n 1 : ð13ÞTo avoid secular terms in the solution, we have to remove cos h
from the right hand side of Eq. (13). Thus we have
X20 ¼
4
Ap
: ð14Þ
Then solving Eq. (13) and satisfying the initial condition
x1(0) = A, we obtain
x1ðtÞ ¼ A 1þ p
4
cos hþ
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ
 !
: ð15Þ
This is the ﬁrst approximate solution of Eq. (8) and the related
X1 is to be determined. The value of X1 will be obtained from
the solution of
€x2 þ X21x2 ¼ X21x1  1: ð16Þ
Substituting x1(t) from Eq. (15) into the right hand side of Eq.
(16), we obtain
€x2 þX21x2 ¼AX2
1þ p
4
coshþ
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ
 !
 4
p
X1
n¼1
ð1Þn1 cosð2n 1Þh
2n 1 : ð17Þ
Again avoiding secular terms in the solution of Eq. (17), we
obtain
X21 ¼
16
Apðpþ 1Þ : ð18Þ
Then solving Eq. (17) and satisfying initial condition, we ob-
tain the second approximate solution,
x2ðtÞ ¼A 1
96
ð12þ 12pþ 5p2Þ cos h


X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ2
þ 1þ p
4
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ
!
: ð19Þ
The third approximation x3 and the value of X2 will be ob-
tained from the solution of
€x3 þ X22x3 ¼ X22x2  1: ð20Þ
Substituting x2 from Eq. (19) into the right-hand side of Eq.
(20), we have obtained the resulting expression as
€x3 þ X22x3 ¼AX22
1
96
ð12þ 12pþ 5p2Þ cos h


X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ2 þ
1þ p
4

X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ
!
 4
p
X1
n¼1
ð1Þn1 cosð2n 1Þh
2n 1 : ð21Þ
The value of X2 will be obtained from the solution of Eq. (21),
by using the condition of no secular terms in the solution. Thus
we have
X22 ¼
384
Apð12þ 12pþ 5p2Þ : ð22Þ
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obtain
x3ðtÞ ¼A 1
384
ð30þ 30pþ 15p2 þ 4p3Þ cos h

þ
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ3
 1þ p
4
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ2
þ 1
96
ð12þ 12pþ 5p2Þ
X1
n¼2
ð1Þn1 cosð2n 1Þh
ð2n 1Þðð2n 1Þ2  1Þ
!
ð23Þ
This is the third approximate solution of Eq. (8). After substi-
tuting this into the next and avoiding secular terms in the solu-
tion, we obtain
X23 ¼
1536
Apð30þ 30pþ 15p2 þ 4p3Þ : ð24Þ
Here the oscillator given by Eq. (6) is anti symmetric constant
force oscillator. So, the values of X0, X1, X2, X3, . . . will remain
unchanged for next interval [p, 2p] (where x< 0). Therefore,
X0, X1, X2, X3, . . . respectively obtained by Eqs. 14,18, 22
and 24, . . . represent the approximation of frequencies of oscil-
lator (6).
3.2. Nonlinear singular oscillator
Let us consider a nonlinear singular oscillator
€xþ x1 ¼ 0: ð25Þ
The Eq. (25) can be written as
€xþ X2x ¼ X2x x1: ð26Þ
According to Eq. (3), the iteration scheme of Eq. (26) will be
€xkþ1 þ X2kxkþ1 ¼ X2kxk  x1k : ð27Þ
The ﬁrst approximation x1(t) and the frequency X0 will be ob-
tained from the solution of (putting k= 0 in Eq. (27) and uti-
lizing Eq. (4))
€x1 þ X20x1 ¼ X20A cos h ðA cos hÞ1: ð28Þ
Now expanding (cosh)1 in a Fourier Cosine series in interval
[0,p], the Eq. (28) reduces to
€x1 þ X20x1 ¼ X20A cos h
2
A
X1
n¼1
ð1Þn1 cosð2n 1Þh: ð29Þ
To check secular terms in the solution, we have to remove cosh
from the right hand side of Eq. (29), and we obtain
X20 ¼
2
A2
: ð30Þ
Then solving Eq. (29) and satisfying the initial condition
(according to Eq. (5)), we obtain
x1ðtÞ ¼ A 1þ 1
4
ð1þ 2 ln 2Þ cos h
X1
n¼2
ð1Þn
4ðn 1Þn cosð2n 1Þh
 !
: ð31Þ
This is the second approximation of Eq. (25) and the related X1
is to be determined.
The second approximation x2(t) and the value of X1 are
obtained from the solution of€x2 þ X21x2 ¼ X21x1  x11 : ð32Þ
Substituting x1(t) from Eq. (31) into the right-hand side of Eq.
(32), we obtain
€x2 þ X21x2 ¼AX21 ð1þ ð1þ 2 ln 2Þ=4Þ cos hð

X1
n¼2
ð1Þn
4ðn 1Þn cosð2n 1Þh
!
 1
A
X1
n¼1
ð1Þn1a2n1 cosð2n 1Þh; ð33Þ
where
a1 ¼ 1:599611; a3 ¼ 0:983636; a5 ¼ 1:102235; a7
¼ 1:079400; a9 ¼ 1:083797; . . . : ð34Þ
To avoid secular terms in the solution, we have to remove cosh
from the right hand side of Eq. (33). Thus we have
X21 ¼
1:599611
A2ð1þ ð1þ 2 ln 2Þ=4Þ : ð35Þ
Then Eq. (33) becomes,
€x2 þ X21x2 ¼ AX21
X1
n¼2
ð1Þn
4ðn 1Þn cosð2n 1Þh
þ 1
A
X1
n¼2
ð1Þna2n1 cosð2n 1Þh: ð36Þ
The Eq. (36) approximately can be written as,
€x2 þ X21x2 ¼ AX21
X1
n¼2
ð1Þn
4ðn 1Þn cosð2n 1Þh
þ 1:1
A
X1
n¼2
ð1Þn cosð2n 1Þh: ð37Þ
Then solving Eq. (37) and satisfying the initial condition, we
obtain the second approximation,
x2ðtÞ ¼A 1 ð3 4 ln 2Þ=16þ 1:1ð1þ 2 ln 2Þ=ð4zÞð Þ cos hð
þ
X1
n¼2
ð1Þn
ð4ðn 1ÞnÞ2 þ
1:1ð1Þn1
4ðn 1ÞnX21
 !
cosð2n 1Þh
!
; ð38Þ
where
z ¼ 8ð1þ ð1þ 2 ln 2Þ=4Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð3þ ln 2Þð4þ ln 16Þp : ð39Þ
The third approximation x3 and the value of X2 are obtained
from the solution of
€x3 þ X22x3 ¼ X22x2  x12 : ð40Þ
Substituting x2(t) from Eq. (38) into the right-hand side of Eq.
(40) and utilizing the same method, we obtain
€x3 þX22x3 ¼
X1
n¼2
AX22
ð1Þn
ð4ðn 1ÞnÞ2 þ
1:1ð1Þn1
4X21ðn 1Þn
 !
þ ð1Þn 1:26
A
 !
cosð2n 1Þh; ð41Þ
where
X22 ¼ 1:693744=ðA2ð1 ð3 4 ln 2Þ=16þ 1:1ð1þ 2 ln 2Þ=ð4zÞÞÞ: ð42Þ
Then solving Eq. (41) and satisfying the initial condition, we
obtain
x3ðtÞ¼A 1:0672cosh
X1
n¼2
1
ððn1ÞnÞ3
1:1
zððn1ÞnÞ2þ
1:26
z1ðn1Þn
 !
coshð2cos2h1Þ
 !
;ð43Þ
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z1 ¼ 1:693744=ð1 ð3 4 ln 2Þ=16þ 1:1ð1þ 2 ln 2Þ=4zÞ: ð44Þ
with the help of next iteration, we have
X23 ¼
1:56636
A2
: ð45Þ
Therefore, X0, X1, X2, X3, . . . respectively obtained by Eqs.
30,35,42 and 45, . . . represent the approximation of frequencies
of oscillator (25).
3.3. Nonrational restoring force oscillator
Now we may consider a nonrational restoring force oscillator
€xþ x1=3 ¼ 0: ð46Þ
Obviously the Eq. (46) can be written as
€xþ X2x ¼ X2x x1=3: ð47Þ
The iteration scheme is
€xkþ1 þ X2kxkþ1 ¼ X2kxk  x1=3k : ð48Þ
Utilizing Eq. (4) and putting k= 0 in Eq. (48) the equation
becomes,
€x1 þ X20x1 ¼ X20A cos h ðA cos hÞ1=3: ð49Þ
Using Fourier Cosine series, Eq. (49) reduce to
€x1 þ X20x1 ¼ X20A cos h
 c1 cos h 3
5
1
3
cos 3h 1
6
cos 5hþ 7
66
cos 7h   
  
:
ð50Þ
The Eq. (50) approximately can be written as
€x1 þ X20x1 ¼ X20A cos h
 c1 cos h 3
5
X1
n¼1
ð1Þn1
ð2nþ 1Þ cosð2nþ 1Þh
 !
; ð51Þ
where
c1 ¼ 3A
1=3Cð7=6Þﬃﬃﬃ
p
p
Cð2=3Þ : ð52Þ
To avoid secular terms in the solution, we have to remove cosh
from the right hand side of Eq. (51). Thus we have
X20 ¼
c1
A
: ð53Þ
Then solving Eq. (51) and satisfying initial condition (accord-
ing to Eq. (5)), we obtain
x1ðtÞ ¼ Aðd0 þ d2 cos 2hþ d4 cos 4hÞ cos h; ð54Þ
where
d0 ¼ 1þ 1:2ðp 4 ln 2Þ=8; d2
¼ 1:2ð3 2 ln 4Þ=4; d4 ¼ 1:2ð17 12 ln 4Þ=24: ð55Þ
Eq. (54) represents the ﬁrst approximate solution of Eq. (46)
and the related X1 is to be determined. The value of X1 will
be obtained from the solution of
€x2 þ X21x2 ¼ X21x1  x1=31 : ð56ÞSubstituting x1(t) from Eq. (54) into the right hand side of Eq.
(56), the resulting expression is
€x2 þ X21x2 ¼ AX21ðd0 þ d2 cos 2hþ d4 cos 4hÞ cos h
 A1=3
X3
n¼1
f2n1 cosð2n 1Þh; ð57Þ
where
f1 ¼ 1:169869; f3 ¼ 0:246939; f5 ¼ 0:124850: ð58Þ
To avoid secular terms in the solution, we have to remove cosh
from the right hand side of Eq. (57). Then we have
X21 ¼ f1=A2=3ðd0 þ d2=2Þ; ð59Þ
Now solving Eq. (57) and satisfying the initial condition, we
have the second approximation as
x2ðtÞ ¼ Aðg0 þ 2g2 cos 2hÞ cos h; ð60Þ
where
g0 ¼ 1þ 2ðd2=2þ d4=2 f3=eÞð1=ð52  1ÞÞ;
g2 ¼ ððd2=2þ d4=2 f3=eÞð1=ð32  1ÞÞ
ðd4=2 f5=eÞð1=ð52  1ÞÞÞ:
ð61Þ
The next approximation x3 and the value of X2 are obtained
from the solution of
€x3 þ X22x3 ¼ X22x2  x1=32 : ð62Þ
Substituting x2 from Eq. (60) into the right-hand side of Eq.
(62) and utilizing the condition of no secular terms, we obtain
X22 ¼ 1:16866=ðg0 þ g2Þ: ð63Þ
Thus, X0, X1, X2, . . . respectively obtained by Eqs. 53,59 and
63, . . . represent the approximation of frequencies of oscillator
(46).
4. Results and discussions
Only rearranging some nonlinear differential oscillators, itera-
tion method [26] is utilized to approximate the solutions of
those oscillators. This process signiﬁcantly improves the re-
sults. First we consider the solution of Eq. (6). Here we have
calculated X0, X1, X2 and X3. All the results are given in
Table 1, to compare the approximate frequencies we have also
given the existing results determined by Belendez [13].
Then we consider the solution of Eq. (25). Here we have
calculated X0, X1, X2 and X3. All the results are given in
Table 2, to compare the approximate frequencies we have also
given the existing results determined by Mickens [26].
Recently, Mickens [11] has found approximate solutions of
nonlinear singular oscillator Eq. (25) by both iteration and HB
methods. He has shown that HB method sometimes measure
better results than iteration method; but it is difﬁcult to deter-
mine higher approximations (third or more than third) by HB
method. Fortunately our method gives signiﬁcantly better re-
sult than Mickens iteration formula. Sometimes it also mea-
sures better result than Mickens HB method (see Table 2;
9th and 10th column).
Finally we consider the solution of Eq. (46). Here we have
calculated X0, X1 and X2. All the results are given in Table 3.
To compare the approximate frequencies we have also given
the existing results determined by Belendez [14].
Table 1 Comparison of the approximate frequencies with exact frequency Xe [6] of €xþ sgnðxÞ ¼ 0.
Amplitude Xe X0 Er(%) XB0 Er(%) X1 Er(%) XB1 Er(%) X2 Er(%) XB2 Er(%) X3 Er(%)
A 1:110721
A1=2
1:12838
A1=2
1:12838
A1=2
1:10892
A1=2
1:11035
A1=2
1:11089
A1=2
1:10803
A1=2
1:11071
A1=2
1.59 1.59 0.16 0.65 0.02 0.24 0.001
X0, X1, X2 and X3 respectively denote the ﬁrst, second, third and fourth modiﬁed approximate frequencies; XB0, XB1 and XB2 respectively denote
the ﬁrst, second and third approximate frequencies obtained by Belendez [13]. Er(%) denotes percentage error.
Table 3 Comparison of the approximate frequencies with exact frequency Xe [26] of €xþ x1=3 ¼ 0.
Amplitude Xe X0 Er(%) XB0 Er(%) X1 Er(%) XB1 Er(%) X2 Er(%) XB2 Er(%)
A 1:07045
A1=3
1:07685
A1=3
1:07685
A1=3
1:07030
A1=3
1:06861
A1=3
1:07057
A1=3
1:07019
A1=3
0.6 0.6 0.014 0.17 0.012 0.024
X0, X1 and X2 respectively denote the ﬁrst, second and third modiﬁed approximate frequencies; XB0, XB1 and XB2 respectively denote the ﬁrst,
second and third approximate frequencies obtained by Belendez [14]. Er(%) denotes percentage error.
Table 2 Comparison of the approximate frequencies with exact frequency Xe [26] of €xþ x1 ¼ 0.
Ampl-
itude
Xe X0
Er(%)
XMI0
Er(%)
XMH0
Er(%)
X1
Er(%)
XMI1
Er(%)
XMH1
Er(%)
X2
Er(%)
XMH2
Er(%)
X3
Er(%)
A 1:253A
1:414
A
1:155
A
1:414
A
1:208
A
1:018
A
1:2728
A
1:265
A
1:2731
A
1:252
A
12.84 7.9 12.84 3.63 18.1 1.6 0.92 1.58 0.14
X0, X1, X2 and X3 respectively denote the ﬁrst, second, third and fourth modiﬁed approximate frequencies; XMI0 and XMI1 respectively denote
the ﬁrst and the second frequencies obtained by Mickens [26] iterative method; XMH0, XMH1 and XMH2 respectively denote the ﬁrst, second and
third approximate frequencies obtained by Mickens [11] HB method. Er(%) denotes percentage error.
146 B.M. Ikramul Haque et al.In most of the articles the results have been improved by
modifying the method [23–25]; but in this article it has been
shown that the results have been improved only by rearranging
the governing equations of some oscillators. So, the modiﬁca-
tion is not only important; but rearrangement is also impor-
tant in the case of iteration procedure.
5. Conclusion
An iteration technique has been applied simply rearranging
some oscillators. The ﬁrst to the fourth (in a particular case
the third) approximate frequencies are better than correspond-
ing frequencies which have been shown by other techniques. It
can be observed that the third and the fourth approximation
provide excellent results.Acknowledgment
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